We present the analytic next-to-next-to-leading QCD calculation of some higher moments of deep inelastic structure functions in the leading twist approximation. We give results for the moments N =1,3,5,7,9,11,13 of the structure function F3. Similarly we present the moments N =10,12 for the flavour singlet and N =12,14 for the non-singlet structure functions F2 and FL. We have calculated both the three-loop anomalous dimensions of the corresponding operators and the three-loop coefficient functions of the moments of these structure functions.
Introduction
The determination of the next-to-next-to-leading (NNL) order QCD approximation for the structure functions of deep inelastic scattering has become important for the understanding of perturbative QCD and necessary for an accurate comparison of perturbative QCD with the increasing precision of experiments. Such calculations however are rather complicated and hence a complete NNL result does not exist as of yet. The one-loop anomalous dimensions were calculated in [1, 2] . In [3] (see also the references therein) the complete one-loop coefficient functions were obtained. Anomalous dimensions at 2-loop order were obtained in [4, 5, 6, 7, 8, 9, 10, 11, 12] . The 2-loop coefficient functions were calculated in [13, 14, 15, 16, 17, 18, 19, 20] , [21] .
Analytical results of the 3-loop anomalous dimensions and coefficient functions of the moments of F 2 and F L are only known for the moments N =2,4,6,8 in both the singlet and non-singlet case and additionally for N =10 in the non-singlet case from [22] and [23] . In addition the GrossLlevellyn Smith sum rule, which corresponds to the first moment of F νp+νp 3
has been calculated at this order [24] .
For a complete reconstruction of the x-dependence of the structure functions via an inverse Mellin-transformation one would need the moments for all N (that is either all even or all odd integer values). Additionally one needs them both for F 2 and F 3 in order to untangle the various quark and gluon contributions. The determination of the NNL approximation for generic N is work in progress [25] , but probably will not be finished in the near future.
The available moments of F 2 have been used by a number of authors to make a reconstruction of the complete structure functions at NNL by a variety of means [23, 26, 27, 28] . Additionally they can be used to obtain a better value of α S [29] It should be clear that it is important to have as large a number of moments as possible. First, these results can be immediately used to increase the precision of phenomenological investigations of deep inelastic scattering [30] . Second, the moments will be a very important check for the new methods and programs needed for the determination of the 3-loop results for arbitrary N . Unfortunately it is not very easy to increase the number of moments, because each new moment requires roughly five times the computer resources that its predecessor needs. With the advent of better computers this means that by now it has been possible to obtain two more moments for the singlet case and one additional moment for the non singlet F 2 case. This should allow for instance a somewhat better determination of α S . More important however is the determination of the first seven odd moments of F νp+νp 3 to three loops. To this end we used the the same programs as in [23] , state of the art computers and a new version of the symbolic manipulation program FORM [31] that supports now 64-bit architectures and to some extend parallel computers (see also [32] ). We could push the limit in these calculations to include two new moments (N =10,12) in the calculation of the flavour singlet structure functions F L and F 2 , and two new moments (N = 12,14) for the flavour nonsinglet structure functions F L and F 2 . Additionally we have computed the moments N =3,5,7,9,11,13 of the structure function F 3 . We do not expect more moments to become available before the complete results for all N will be presented.
The formalism
This calculation follows the one presented in [23] (see also [21] ) in every detail, so we only will give a very short review on the methods used.
We need to calculate the hadronic part of the amplitude for unpolarized deep inelastic scattering which is given by the hadronic tensor
where the J µ are either electromagnetic or weak hadronic currents and x = Q 2 /(2 p · q) is the Bjorken scaling variable with 0 < x ≤ 1. Q 2 = −q 2 is the transfered momentum and |p, nucl is the nucleon state with momentum p. In these equations spin averaging is assumed. The longitudinal structure function F L is related to the structure function F 1 by F L = F 2 − 2xF 1 . For electronnucleon scattering J µ is the electromagnetic quark current and F 3 vanishes. For neutrino-nucleon scattering J µ is an electroweak quark current which has an axial vector contribution and F 3 , which describes parity violating effects that arise from vector and axial-vector interference, will not vanish.
Using the dispersion relation technique one can relate the hadronic tensor to the following 4-point Green functions:
Applying a formal operator product expansion in terms of local operators to the time-ordered product of two quark currents leads to:
Here we have introduced the notation a s = α s /(4π) = g 2 /(4π) 2 and everything is assumed to be renormalized. The sum over N runs over the standard set of the spin-N twist-2 irreducible flavour non-singlet quark operators and the singlet quark and gluon operators:
Application of this OPE to Eq. (1) leads to an expansion for the unphysical values x → ∞. From the proper analytical continuation to the physical region 0 < x ≤ 1 one finds for the moments of the structure functions F 2 , F L and F 3 :
with the spin averaged matrix elements
In the derivation of (3) one needs the symmetry properties of T µν under x → −x. This is why one can only find either even or odd moments from these equations, dependent on the process under consideration. For F 3 we will only consider the flavor non-singlet contributions, due to the properties of the operators O ψ and O G under charge conjugation there should not be a singlet contribution (see e.g. [33] ).
The scale-dependence of the coefficient functions is then covered by the renormalization group equations:
The non-singlet coefficient functions and anomalous dimensions don't depend on the index α, and we have adopted the conventional collective denotation "ns" for them.
3 The even moments of F 2 and F L Equation (2) is a relation between operators and does not depend on the hadronic states to which the OPE is applied. Using the method of projectors [34] one can find both the coefficient functions and the anomalous dimensions for the even moments of F 2 and F L as defined in Eq. (6) from the following 4-point Green functions:
Applying to Eqs. (8) the projectors
and, to project out the different Lorentz projections (these projectors are valid in D = 4 − 2ǫ and for the leading twist approximation):
as well as the corresponding flavour projections results in the equations:
From these equations the coefficient functions and from the Z ij N the anomalous dimensions can be calculated in the usual way.
It should be mentioned that in the Eqs. (11) on the left hand side after applying the projectors (10) we are left with only diagrams of the massless propagator type, a problem solved at 3-loop order long ago [35] and implemented in an efficient way in the FORM package MINCER [36] . On the right hand side only the tree level diagrams contributing to the Matrix elements survive.
It turns out that much computing time can be saved when calculating additionally Green functions with external ghosts to get rid of the unphysical polarization states of the external gluons instead of using the very complicated projection onto physical states. Also, from Eqs. (11) The q {µ1 · · · q µN } in Eq. (10) are the harmonic (i.e. symmetrical and traceless) part of the tensor q µ1 · · · q µN . The number of terms in these harmonic tensors explodes as N increases and this is the real limitation in these calculations considering the computing time as well as disk-space usage. In spite of a very efficient implementation of these tensors (see [37] ) for N = 12, singlet and N = 14, nonsinglet, individual diagrams had a disk space usage up to and over 100 GB. Altogether the calculation of all the above diagrams for N = 10, 12 took approximately 5 weeks on a Compaq Server with 8 Alpha 21264 processors running at 700 MHz, 4 GB of RAM and 12×17 GB of disk-space. The N = 14 nonsinglet calculation took comparable resources. 4 The odd moments of F 3
The coefficient functions and anomalous dimensions of the odd moments of the structure function F 3 can be obtained in the same way as the non-singlet part of F 2 and F L but now considering the time-ordered product of one vector current V µ and one axial vector current A ν . The axial current introduces the appearance of a γ 5 and some care has to be taken to treat it correctly within the framework of dimensional regularization. We adopt the definition used in [24] :
Projecting out the flavour non-singlet part and the corresponding Lorentz structure with:
one finds products of metric tensors which have to be considered as D-dimensional objects. Since this definition of γ 5 in D dimensions violates the axial Ward identity one needs to renormalize A µ with a renormalization constant Z A and additionally apply a finite renormalization with Z 5 , both of these constants are given to 3-loop order in [24] . Combining all this finally leads to
Due to the γ 5 insertion at one of the vertices, some of the symmetries that were used to minimize the number of diagrams could not be applied in this case and to determine the T ns 3,N 1076 (= 1 + 4 + 55 + 1016) diagrams had to be evaluated, which took about 6 weeks for the moments N =1,3,5,7,9,11,13. The numerical values of the anomalous dimensions for the odd moments of F 3 read: This work was supported by the DFG under Contract Ku 502/8-1 (DFG-Forschergruppe "Quantenfeldtheorie, Computeralgebra und Monte-Carlo-Simulationen" ) and the Graduiertenkolleg "Elementarteilchenphysik an Beschleunigern" at the Univerität Karlsruhe.
A Conventions
Here we give the complete expressions for the newly computed moments and coefficient functions.
The notation of the color factors is as usual: The Casimir operators of the fundamental and adjoint representation are denoted by C F and C A and their values for the color group SU(3) are + a
